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Abstract
The purpose of this paper is to study quadratic color Hom-Lie algebras. We present some constructions
of quadratic color Hom-Lie algebras which we use to provide several examples. We describe T ∗-extensions
and central extensions of color Hom-Lie algebras and establish some cohomological characterizations.
Introduction
The aim of this paper is to introduce and study quadratic color Hom-Lie algebras which are graded
Hom-Lie algebras with ε-symmetric, invariant and nondegenerate bilinear forms. Color Lie algebras,
originally introduced in [26] and [27], can be seen as a direct generalization of Lie algebras bordering Lie
superalgebras. The grading is determined by an abelian group Γ and the definition involves a bicharacter
function. Hom-Lie algebras are a generalization of Lie algebras, where the classical Jacobi identity is
twisted by a linear map. Quadratic Hom-Lie algebras were studied in [9].
Γ-graded Lie algebras with quadratic-algebraic structures, that is Γ-graded Lie algebras provided with
homogeneous, symmetric, invariant and nondegenerate bilinear forms, have been extensively studied spe-
cially in the case where Γ = Z2 (see for example [2, 6, 7, 8, 11, 24, 28]). These algebras are called
homogeneous (even or odd) quadratic Lie superalgebras. One of the fundamental results connected to
homogeneous quadratic Lie superalgebras is to give its inductive descriptions. The main tool used to
obtain these inductive descriptions is to develop some concept of double extensions. This concept was
introduced by Medina and Revoy (see [24]) to give a classification of quadratic Lie algebras. The concept
of T ∗-extension was introduced by Bordemann [? ]. Recently a generalization to the case of quadratic
(even quadratic) color Lie algebras was obtained in [25] and [33]. They mainly generalized the double
extension notion and its inductive descriptions.
Hom-algebraic structures appeared first as a generalization of Lie algebras in [1, 12, 13] were the authors
studied q-deformations of Witt and Virasoro algebras. A general study and construction of Hom-Lie
algebras were considered in [18], [20]. Since then, other interesting Hom-type algebraic structures of
many classical structures were studied as Hom-associative algebras, Hom-Lie admissible algebras and
more general G-Hom-associative algebras [21], n-ary Hom-Nambu-Lie algebras [4], Hom-Lie admissible
Hom-coalgebras and Hom-Hopf algebras [22], Hom-alternative algebras, Hom-Malcev algebras and Hom-
Jordan algebras [15, 22, 36]. Hom-algebraic structures were extended to the case of Γ-graded Lie algebras
by studying Hom-Lie superalgebras and Hom-Lie admissible superalgebras in [5]. Recently, the study
of Hom-Lie algebras provided with quadratic-algebraic structures was initiated by S. Benayadi and A.
Makhlouf in [9] and our purpose in this paper is to generalize this study to the case of color Hom-Lie
algebras.
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The paper is organized as follows: in Section 1 we give definition of quadratic color Hom-Lie algebras
and we generalize to the case of quadratic color Hom-Lie algebras the result of [37]. More precisely, we
prove that the category of color Hom-Lie algebras (resp. the subcategory of quadratic color Hom-Lie
algebras) is closed under self weak morphisms (resp. self symmetric automorphisms). In Section 2, we
describe in one hand some constructions of quadratic color Hom-Lie algebras and in the other hand we use
them to provide examples. In Sections 3, we give some elements of representation theory of color Hom-
Lie algebras and describe a semi-direct product. Section 4 includes the main results dealing extensions
and their relationships to cohomology. We introduce some elements of a cohomology of color Hom-
Lie algebras controlling central extensions. Moreover, we establish the T ∗-extension for color Hom-Lie
algebras. Finally, in Section 5 we construct color Hom-Leibniz algebras arising from Faulkner construction
introduced in [17].
1. Quadratic color Hom-Lie algebras
Throughout this paper K denotes a commutative field of characteristic zero and Γ stands for an abelian
group. A vector space V is said to be a Γ-graded if we are given a family (Vγ)γ∈Γ of vector subspace of
V such that
V =
⊕
γ∈Γ
Vγ .
An element x ∈ Vγ is said to be homogeneous of degree γ. For simplicity the degree of an element x is
denoted by x. If the base field is considered as a graded vector space, it is understood that the graduation
of K is given by
K0 = K and Kγ = {0} , if γ ∈ Γ \ {0} .
Let V and W be two Γ-graded vectors spaces. A linear map f : V −→ W is said to be homogeneous of
degree ξ ∈ Γ if f(x) is homogeneous of degree γ + ξ whenever the element x ∈ Vγ . The set of all such
maps is denoted by (Hom(V,W ))ξ. It is a subspace of Hom(V,W ), the vector space of all linear maps
from V into W .
We mean by algebra (resp. Γ-graded algebra) (A, .) a vector space (resp. Γ-graded vector space) with
multiplication which we denote by the concatenation and such that AγAγ′ ⊆ Aγ+γ′ , for all γ, γ
′ ∈ Γ. In
the graded case, a map f : A −→ B, where A and B are Γ-graded algebras, is called a homomorphism of
Γ-graded algebras if it is a homomorphism of algebras which is homogeneous of degree zero.
We mean by Hom-algebra (resp. Γ-graded Hom-algebra ) a triple (A, ., α) consisting of an algebra (resp.
Γ-graded algebra) with a twist map α : A→ A (an even linear map).
For more detail about graded algebraic structures, we refer to [30] [31]. In the following, we study a
particular case of Γ-graded algebras which are quadratic color Hom-Lie algebras.
Definition 1.1. Let Γ be an abelian group. A map ε : Γ × Γ → K \ {0} is called a bicharacter on Γ if
the following identities are satisfied
ε(a, b)ε(b, a) = 1, (1.1)
ε(a, b+ c) = ε(a, b)ε(a, c), (1.2)
ε(a+ b, c) = ε(a, c)ε(b, c), ∀a, b, c ∈ Γ. (1.3)
The definition above implies, in particular, the following relations
ε(a, 0) = ε(0, a) = 1, ε(a, a) = ±1, for all a ∈ Γ.
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If x and x′ are two homogeneous elements of degree γ and γ′ respectively and ε is a bicharacter, then we
shorten the notation by writing ε(x, x′) instead of ε(γ, γ′).
Unless stated, in the sequel all the graded spaces are over the same abelian group Γ and the bicharacter
will be the same for all the structures.
Definition 1.2. A color Hom-Lie algebra is a tuple (g, [·, ·], α, ε) consisting of a Γ-graded vector space
g, a bicharacter ε, an even bilinear map [·, ·] : g× g→ g (i.e. [ga, gb] ⊂ ga+b) and an even homomorphism
α : g→ g such that for homogeneous elements x, y, z ∈ g we have
[x, y] = −ε(x, y)[y, x] (ε− skew symmetry), (1.4)
	x,y,z ε(z, x)[α(x), [y, z]] = 0 (ε−Hom-Jacobi identity), (1.5)
where 	x,y,z denotes summation over the cyclic permutation on x, y, z. In particular, if α is a morphism
of Lie algebras (i.e. α◦ [·, ·] = [·, ·]◦α⊗2), then we call (g, [·, ·], ε, α) a multiplicative color Hom-Lie algebra.
A Γ-graded subspace I of g is said to be an ideal (resp. subalgebra) if [I, g] ⊂ I (resp. [I, I] ⊂ I).
We prove easily that the ε−Hom-Jacobi identity is equivalent to the following condition
[α(x), [y, z]]− ε(x, y)[α(y), [x, z]] = [[x, y], α(z)]. (1.6)
We recover color Lie algebra when we have α = idg. Color Lie algebra is a generalization of Lie algebra
and Lie superalgebra (if Γ = {0}, we have g = g0 is a Lie algebra and if Γ = Z2 = {0¯, 1¯} and ε(1¯, 1¯) = −1,
then g is a Lie superalgebra).
Definition 1.3. Let (g, [·, ·], α) and (g′, [·, ·]′, α′) be two color Hom-Lie algebras. An even linear map
f : g→ g′ is called:
(i) a weak morphism of color Hom-Lie algebras if it satisfies f([x, y]) = [f(x), f(y)]′, ∀x, y ∈ g.
(ii) a morphism of color Hom-Lie algebras f is a weak morphism and f ◦ α = α′ ◦ f .
(iii) an automorphism of color Hom-Lie algebras if f is a bijective morphism of color Hom-Lie algebras.
In [37], the author applied the twisting principle introduced by Yau and proved that starting from a color
Lie algebra (g, [·, ·], ε) and a weak morphism β of g we obtain a color Hom-Lie algebra (g, [·, ·]β, β, ε),
where [·, ·]β = β ◦ [·, ·]. In the following, we generalize the result obtained in [37] in the following sense.
We consider the category of color Hom-Lie algebras consisting in color Hom-Lie algebras and morphisms
of color Hom-Lie algebras. We give a color Hom-Lie version of [37, Theorem 2.5 ].
Theorem 1.4. The category of color Hom-Lie algebras is closed under self weak morphisms.
Proof. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and β : g → g be a color Hom-Lie algebras weak
morphism. Consider a bracket [·, ·]β on g defined by [·, ·]β = β ◦ [·, ·]. Then, for any homogeneous elements
x, y, z ∈ g and using the ε-Hom-Jacobi identity (1.5), we have
	x,y,z ε(z, x)[β ◦ α(x), [y, z]β ]β =	x,y,z ε(z, x)β ◦ [β ◦ α(x), β ◦ [y, z]]
=	x,y,z ε(z, x)β
2 ◦ [α(x), [y, z]]
= β2(	x,y,z ε(z, x)[α(x), [y, z]]) = 0.
In addition, the fact that [·, ·]β is ε-skew-symmetric implies that (g, [·, ·]β , β ◦ α, ε) is a color Hom-Lie
algebra.
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As a particular case we obtain the following examples:
Example 1.5.
1. Let (g, [·, ·], ε) be a color Lie algebra and α be a color Lie algebra morphism, then (g, [·, ·]α, α, ε) is
a multiplicative color Hom-Lie algebra.
2. Let (g, [·, ·], α, ε) be a multiplicative color Hom-Lie algebra then (g, αn ◦ [·, ·], αn+1, ε) is a multiplica-
tive color Hom-Lie algebra for any n ≥ 0 .
In the following, we extend to color Hom-Lie algebras the study of quadratic Hom-Lie algebras introduced
in [9].
Definition 1.6. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and B : g× g→ K be a bilinear form on g.
(i) B is said ε-symmetric if B(x, y) = ε(x, y)B(y, x), (called also color-symmetry).
(ii) B is said invariant if B([x, y], z) = B(x, [y, z]), ∀x, y, z ∈ g.
Definition 1.7. A color Hom-Lie algebra (g, [·, ·], α, ε) is called quadratic color Hom-Lie algebra if there
exists a non-degenerate, ε-symmetric and invariant bilinear form B on g such that α is B-symmetric (i.e.
B(α(x), y) = B(x, α(y))). It is denoted by (g, [·, ·], α, ε, B) and B is called invariant scalar product.
Remark 1.8. We recover quadratic color Lie algebras when α = idg and quadratic Hom-Lie superalgebras
when Γ = Z2 and ε(1¯, 1¯) = −1.
Definition 1.9. A color Hom-Lie algebra (g, [·, ·], α, ε) is called Hom-quadratic if there exists (B, β),
where B is a non-degenerate and ε-symmetric bilinear form on g and β : g −→ g is an even homomorphism
such that
B(α(x), y) = B(x, α(y)) and B(β(x), [y, z]) = B([x, y] , β(z)), ∀ x, y, z ∈ g.
We call the second condition the β-invariance of B.
Remark 1.10. We recover quadratic color Hom-Lie algebras when β = idg.
In the following, we give a similar result to Theorem 1.4, in the case of quadratic color Hom-Lie algebras.
To this end, we consider (g, [·, ·], α, ε, B) a quadratic color Hom-Lie algebra and define:
•Auts(g, B) as the set consisting of all automorphisms ϕ of g which satisfyB(ϕ(x), y) = B(x, ϕ(y)), ∀x, y ∈
g. We call Auts(g, B) the set of symmetric automorphisms of (g, [·, ·], α, ε, B).
• The subcategory of quadratic color Hom-Lie algebras, in which the objets are quadratic color Hom-Lie
algebras and the morphisms are isometry morphisms of quadratic color Hom-Lie algebras. A morphism f
between two quadratic color Hom-Lie algebras (g1, B1) and (g2, B2) is said to be an isometry if f : g1 → g2
satisfies B1(x, y) = B2(f(x), f(y)), ∀x, y ∈ g1.
Theorem 1.11. The subcategory of quadratic color Hom-Lie algebras is closed under symmetric auto-
morphisms.
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Proof. Let (g, [·, ·], α, ε, B) be a quadratic color Hom-Lie algebra and β be an element of Auts(g, B).
Consider the bilinear form Bβ defined on g by Bβ(x, y) = B(β(x), y), ∀x, y ∈ g. Using the fact that β is
B-symmetric and β ◦ α = α ◦ β, we obtain
Bβ(β ◦ α(x), y) = B(β ◦ β ◦ α(x), y) = B(α ◦ β(x), β(y)) = B(β(x), β ◦ α(y)) = Bβ(x, β ◦ α(y))
and which means that β ◦ α is Bβ-symmetric. In addition
Bβ([x, y]β , z) = B(β ◦ β[x, y], z) = B([β(x), β(y)], β(z)) = B(β(x), [β(y), β(z)]) = Bβ(x, [y, z]β),
which means that Bβ is invariant with respect to [·, ·]β . The color symmetry and the non-degeneracy of
Bβ follow from the symmetry of B and the fact that β is bijective. Consequently, (g, [·, ·]β , β ◦ α, ε,Bβ)
is a quadratic color Hom-Lie algebra.
Corollary 1.12. Let (g, [·, ·], α, ε) be a multiplicative color Hom-Lie algebra. If B is an invariant scalar
product on g, then (g, αn ◦ [·, ..., ·], αn+1, Bαn) is a Hom-quadratic multiplicative color Hom-Lie algebra
and (g, αn ◦ [·, ..., ·], αn+1, Bα), where Bα(x, y) = B(α
n(x), y) = B(x, αn(y)), is a quadratic multiplicative
color Hom-Lie algebra.
2. Constructions and examples of quadratic color Hom-Lie algebras
In this section, we describe in one hand some constructions of quadratic color Hom-Lie algebras and in
the other hand they are used to provide examples.
Let (g, [·, ·], ε) be a color Lie algebra and End(g) be the set of all homogeneous self linear maps on the
vector space g. Clearly End(g) is Γ-graded and provided with the color-commutator introduced in [37]
and defined by
[f, g]ε = f ◦ g − ε(f, g) g ◦ f, ∀f ∈ (End(g))f , g ∈ (End(g))g
is a color Lie algebra.
Definition 2.1. The vector subspace Cent(g) of End(g) defined by
Cent(g) = {θ ∈ End(g) : θ([x, y]) = [θ(x), y] = ε(θ, x)[x, θ(y)], ∀x, y ∈ g}.
is a subalgebra of End(g) which we call the centroid of g.
In the following corollary, we construct color Hom-Lie algebras starting from a color Hom-Lie algebra
and an even element in its centroid. This result is a graded version of a result obtained in [9].
Proposition 2.2. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and θ be an even element in the centroid
of g. Then we have the following color Hom-Lie algebras
(i) (g, [·, ·], θ ◦ α, ε), (g, [·, ·]θ1, θ ◦ α, ε), (g, [·, ·]
θ
2, θ ◦ α, ε),
(ii) (g, [·, ·], α ◦ θ, ε), (g, [·, ·]θ1, α ◦ θ, ε), (g, [·, ·]
θ
2, α ◦ θ, ε),
where the two even brackets [·, ·]θ1 and [·, ·]
θ
2 on g are defined by
[x, y]θ1 = [θ(x), y] and [x, y]
θ
2 = [θ(x), θ(y)] ∀x, y ∈ g.
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Proof. (i) Let x, y and z be homogeneous elements in g. The fact that θ is an even element of the centroid
of g implies
ε(z, x)
[
θ ◦ α(x), [y, z]
]
= θ
(
ε(z, x)
[
α(x), [y, z]
])
.
Consequently,
	x,y,z ε(z, x)
[
θ ◦ α(x), [y, z]
]
= θ
(
	x,y,z ε(z, x)
[
α(x), [y, z]
])
= 0.
So, we deduce that (g, [·, ·], θ ◦ α, ε) is a color Hom-Lie algebra. To prove that (g, [·, ·]θi , θ ◦ α, ε), i = 1, 2,
are color Hom-Lie algebras, we need only to check that (g, [·, ·]θi , α, ε), i = 1, 2, are color Hom-Lie algebras.
Using again the fact that θ an even element in the centroid of g, it comes
	x,y,z ε(z, x)[α(x), [y, z]
θ
i ]
θ
i =	x,y,z [θ ◦ α(x), [θ(y), z]] = θ
2
(
	x,y,z ε(z, x)[α(x), [y, z]]
)
= 0, i = 1, 2.
(ii) Applying the ε-Hom-Jacobi identity to θ(x), y and z in g, it follows
ε(z, x)
[
α ◦ θ(x), [y, z]
]
= −θ
(
ε(x, y)
[
α(y), [z, x]
]
+ ε(y, z)
[
α(z), [x, y]
])
.
Consequently
	x,y,z ε(z, x)
[
α ◦ θ(x), [y, z]
]
= − θ
(
ε(x, y)
[
α(y), [z, x]
]
+ ε(y, z)
[
α(z), [x, y]
] )
− θ
(
ε(y, z)
[
α(z), [x, y]
]
+ ε(z, x)
[
α(x), [y, z]
] )
− θ
(
ε(z, x)
[
α(x), [y, z]
]
+ ε(x, y)
[
α(y), [z, x]
] )
.
Hence, we deduce that (g, [·, ·], α ◦ θ, ε) is a color Hom-Lie algebra. Since (g, [·, ·]θi , α, ε), i = 1, 2, are color
Hom-Lie algebra, reasoning similarly as above proves the result.
As an application of Proposition 2.2, we construct a color Hom-Lie algebra such that the twisted map
is an element of its centroid. We assume that (g, [·, ·], α, ε) is a color Hom-Lie algebra and define the
following vector space U of End(g) consisting of even linear maps σ on U as follows:
U = {u ∈ End(g), u ◦ α = α ◦ u}
and
σ : U −→ U ; σ(u) = α ◦ u.
Then, U is a color subalgebra of End(g). Moreover, (U, {·, ·}
σ
1
, σ) and (U, {·, ·}
σ
2
, σ) are two color Hom-Lie
algebras. Indeed, by a simple computation, it comes that U is a color subalgebra of End(g). In addition,
for two homogeneous elements u and v in U, we have
σ([u, v]) = α(u ◦ v − ε(u, v)v ◦ u) = (α ◦ u) ◦ v − ε(u, v)v ◦ (α ◦ u) = [σ(u), v].
Now applying Proposition 2.2, we conclude that (U, [·, ·]σ1 , σ) and (U, [·, ·]
σ
2 , σ) are two color Hom-Lie al-
gebras.
We consider now constructions using elements of the centroid in the quadratic case.
Proposition 2.3. Let (g, [·, ·] , ε, B) be a quadratic color Lie algebra and θ be an invertible and B-
symmetric element in the centroid of g. Then, the two color Hom-Lie algebras (g, [·, ·]
θ
1
, θ, ε) and (g, [·, ·]
θ
2
, θ, ε)
defined in Proposition 2.2 provided with the even bilinear form Bθ such that Bθ(x, y) = B(θ(x), y),∀x, y ∈
g are two quadratic color Hom-Lie algebras.
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Proof. Since B is non degenerate color symmetric bilinear form and θ invertible then βθ is a nondegenerate
color symmetric bilinear form on g. Moreover for homogeneous elements x, y, z in g we have
Bθ([x, y]
θ
1
, z) = B(θ[θ(x), y], z) = B([θ(x), y], θ(z)) = B(θ(x), [y, θ(z)]) = Bθ(x, [θ(y), z]) = Bθ(x, [y, z]
θ
1
),
and
Bθ([x, y]
θ
2
, z) = B(θ[θ(x), θ(y)], z) = B([θ(x), θ(y)], θ(z)) = B(θ(x), [θ(y), θ(z)]) = Bθ(x, [y, z]
θ
2
).
Definition 2.4. A color Hom-associative algebra is a tuple (A, µ, α, ε) consisting of a Γ-graded vector
space A, an even bilinear map µ : A × A → A (i.e. µ(Aa, Ab) ⊂ Aa+b) and an even homomorphism
α : A→ A such that for homogeneous elements x, y, z ∈ A we have
µ(α(x), µ(y, z)) = µ(µ(x, y), α(z)).
In the case where µ(x, y) = ε(x, y)µ(y, x), the color Hom-associative algebra (A, µ, α) is called commuta-
tive.
Definition 2.5. A color Hom-associative algebra (A, µ, α, ε) is called quadratic if there exists a color-
symmetric, invariant and nondegenerate bilinear form B on g such that α is B-symmetric.
Theorem 2.6. Given a quadratic color Hom-associative algebra (A, µ, α, ε, B), one can define color
commutator on homogeneous elements x, y ∈ A by
[x, y] = µ(x, y)− ε(x, y)µ(y, x),
and then extended by linearity to all elements. The tuple (A, [·, ·], α, ε, B) determines a quadratic color
Hom-Lie algebra.
Proof. The fact that (A, [·, ·], α, ε) is a color Hom-Lie algebra was proved in [37, Proposition 3.13]. By
using the fact that ε is bicharacter, we have for homogeneous elements x, y, z in A
B([x, y], z) = B(µ(x, y)− ε(x, y)µ(y, x), z)
= B(µ(x, y), z)− ε(x, y)B(µ(y, x), z)
= B(x, µ(y, z))− ε(x, y)ε(x+ y, z)B(z, µ(y, x))
= B(x, µ(y, z))− ε(x, y)ε(x+ y, z)B(µ(z, y), x)
= B(x, µ(y, z))− ε(x, y)ε(x+ y, z)ε(z + y, x)B(x, µ(z, y))
= B(x, µ(y, z))− ε(y, z)B(x, µ(z, y))
= B(x, µ(y, z))−B(x, ε(y, z)µ(z, y)) = B(x, [y, z]).
Thus B is invariant, hence (A, [·, ·], α, ε, B) is a quadratic color Hom-Lie algebra.
Recall that if V and V ′ are two Γ-graded vector spaces, then the tensor product V ⊗V ′ is still a Γ-graded
vector space such that for δ ∈ Γ we have
(V ⊗ V ′)δ =
∑
δ=γ+γ′
Vγ ⊗ Vγ′ ,
where γ, γ′ ∈ Γ.
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Theorem 2.7. Let (A, µ, αA) be a commutative color Hom-associative algebra and (g, [·, ·]g, αg, ε) be a
color Hom-Lie algebra.
(i) The tensor product (g⊗A, [·, ·], α, ε) is a color Hom-Lie algebra such that
α(x⊗ a) = αg(x) ⊗ αA(a),
[x⊗ a, y ⊗ b] = ε(a, y) [x, y]
g
⊗ µ(a, b), ∀x, y ∈ g, a, b ∈ A.
(ii) If BA and Bg are respectively associative scalar product on A and invariant scalar product on g,
then (g ⊗ A, [·, ·], α, ε) is a quadratic color Hom-Lie algebra such that the invariant scalar product
B on g⊗A is given by
B(x ⊗ a, y ⊗ b) := ε(a, y) Bg(x, y)BA(a, b) ∀x, y ∈ g, a, b ∈ A.
Proof. By using the definition of bracket and the commutativity of the product on the color Hom-
associative algebra A, we have
ε(z + c, x+ a)
[
α(x ⊗ a), [y ⊗ b, z ⊗ c]
]
= ε(z + c, x+ a)ε(b, z)ε(a, y + z)
[
αg(x), [y, z]
]
⊗ µ(αA(a), µ(b, c)).
ε(x+a, y+b)
[
α(y⊗b), [z⊗c, x⊗a]
]
= ε(x+a, y+b)ε(c, x)ε(b, z+x)ε(b+c, a)
[
αg(y), [z, x]
]
⊗µ(αA(a), µ(b, c)).
ε(y+b, z+c)
[
α(z⊗c), [x⊗a, y⊗b]
]
= ε(y+b, z+c)ε(a, y)ε(c, x+y)ε(c, a+b)
[
αg(z), [x, y]
]
⊗µ(αA(a), µ(b, c)).
Hence, using the identities (1.1), (1.2) and (1.3), we prove the ε-Hom-Jacobi identity. Moreover, we have
B(
[
x⊗ a, y ⊗ b
]
, z ⊗ c) = ε(a, y)ε(a+ b, z)Bg([x, y], z)BA(µ(a, b), c)
= ε(a, y + z)ε(b, z)Bg(x, [y, z])BA(a, µ(b, c))
= ε(b, z)B(x⊗ a, [y, z]⊗ µ(b, c)) = B(x⊗ a, [y ⊗ b, z ⊗ c]).
In addition,
B(α(x ⊗ a), y ⊗ b) = ε(a, y)Bg(αg(x), y)BA(αA(a), b)
= ε(a, y)Bg(x, αg(y))BA(a, αA(b)) = B(x⊗ a, α(y ⊗ b)).
Consequently, we obtain (g⊗A,α, [·, ·], ε, B) is a quadratic color Hom-Lie algebra.
2.1. Examples of quadratic Hom-Lie superalgebras
Color Hom-Lie algebras have been studied in [37] where many examples are provided. In the following,
we give some examples of quadratic color Hom-Lie algebras by using methods of construction mentioned
above.
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Example 2.8. The twisting maps which make sl2 a Hom-Lie algebra were given in [23]. Then g defined,
with respect to a basis {x1, x2, x3}, by
[x1, x2] = 2x2, [x1, x3] = −2x3, [x2, x3] = x1,
and linear maps α defined, with respect to the previous basis, by:
 a d c2c b f
2d e b


are Hom-Lie algebras.
In the case where the matrix is the identity matrix, one gets the classical Lie algebra sl2. It is well
known that the Lie algebra sl2 provided with its Killing form K is a quadratic Lie algebra. Moreover, a
straightforward computation shows that α are K-symmetric (i.e. K(α(x), y) = K(x, α(y))). Consequently,
(g, [·, ·], α,K) are quadratic Hom-Lie algebras.
Example 2.9. Nilpotent Lie superalgebras up to dimension 5 are classified in [19]. Among these Lie
superalgebras, we find a class of quadratic 2-nilpotent Lie superalgebras L = L0⊕L1 where L0 is generated
by < l0, k0 > and L1 is generated by < l1, k1 >. The bracket being defined as [l0, l1] = k1, [l1, l1] = k0.
The quadratic structures are given by bilinear forms Bp,q which are defined with respect to the basis
{l0, k0, l1, k1} by the matrices 

p −q 0 0
−q 0 0 0
0 0 0 q
0 0 −q 0


where p ∈ K and q ∈ K \ {0}.
Now, let us consider the even linear map α : L −→ L defined, with respect to the basis {l0, k0, l1, k1}, by
the matrices: 

a c 0 0
b a+ p
q
c 0 0
0 0 d 0
0 0 0 d

 .
Direct calculations show that super-Hom-Jacobi identity is satisfied and
B(α(l0), k0) = B(al0 + bk0, k0) = −aq = cp− q(a+
p
q
c) = B(l0, cl0 + (a+
p
q
c)k0) = B(l0, α(k0)),
B(α(l1), l1) = B(l1, α(l1)) = d B(l1, l1) = 0 = d B(k1, k1) = B(α(k1), k1) = B(k1, α(k1)),
B(α(l1), k1) = B(dl1, k1) = dq = B(l1, dk1) = B(l1, α(k1)).
So, we deduce that (L, [·, ·], α,B) are quadratic Hom-Lie superalgebras.
Example 2.10. The two-dimensional superalgebra A = A1¯ is a symmetric associative super-commutative
superalgebra. Applying Theorem 2.7, where Γ = Z2, to previous examples
• Let (g, [·, ·], α,K) be a quadratic Lie superalgebra defined in Example 2.8. then g ⊗ A is a quadratic
Hom-Lie superalgebra where the twist map is given by α⊗ id.
• Let (L, [·, ·], α,B) be a quadratic Lie superalgebra defined in Example 2.9. then L ⊗ A is a quadratic
Hom-Lie superalgebra where the twist map is given by α⊗ id.
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Example 2.11. Let us consider the class of symmetric associative super-commutative superalgebra de-
fined by A = A0¯ ⊕ A1¯, where dimA0¯ = dimA1¯ = 2, such that A0¯.A1¯ = {0} , A1¯.A1¯ = {0} and if we
assume that A0¯ = Ke0 ⊕ Kf0, then we have e0 ∈ Ann(A0¯) and f0 · f0 = ae0, where a 6= 0. In addition,
the symmetric structures are expressed, with respect to the basis {e0, f0, e1, f1}, by the following matrices

0 α 0 0
α β 0 0
0 0 0 γ
0 0 −γ 0


where α, γ ∈ K \ {0} and β ∈ K.
Theorem 2.7, where Γ = Z2, leads to g ⊗ A (resp. L ⊗ A), where g is defined in Example 2.8 (resp. L
defined in Example 2.9) is a quadratic Hom-Lie superalgebra where the twist map is given by α⊗ id.
Example 2.12. Let A be an n-dimensional vector space and ∧A be a Grassmann algebra of A. We know
that ∧A is an super-commutative associative superalgebra with
(∧A)
0¯
=
⊕
i∈Z
∧2iA and (∧A)
1¯
=
⊕
i∈Z
∧2i+1A.
Moreover, it has been proved in [10] that ∧A is a symmetric superalgebra if and only if the dimension n
of A is even. Here we consider ∧A where A is a vector space with even dimension. We denote by θ an
associative symmetric structure on ∧A.
Similarly Theorem 2.7, where Γ = Z2, leads to g ⊗ A (resp. L ⊗ A), where g is defined in Example 2.8
(resp. L defined in Example 2.9) is a quadratic Hom-Lie superalgebra where the twist map is given by
α⊗ id.
3. Representation and some extensions of color Hom-Lie algebras
3.1. Representation of color Hom-Lie algebras and semi-direct product
In this section we extend representation theory of Hom-Lie algebras introduced in [32] and [9] to color
Hom-Lie case.
Definition 3.1. Let (g, [·, ·]
g
, α, ε) be a color Hom-Lie algebra and (M,β) be a pair consisting of Γ-graded
vector space M and an even homomorphism β : M → M . The pair (M,β) is said to be a Hom-module
over g (or g-Hom-module) if there exists a color skew-symmetric bilinear map [·, ·] : g×M −→ M , that
is [x,m] = −ε(x,m) [m,x], ∀x ∈ g and ∀m ∈M , such that
ε(m,x)
[
α(x), [y,m]
]
+ ε(m,x)
[
α(y), [m,x]
]
+ ε(y,m)
[
β(m), [x, y]
g
]
= 0, ∀ x, y ∈ g, ∀m ∈M.
Definition 3.2. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and (M,β) be a pair consisting of a Γ-
graded vector space M and an even homomorphism β : M → M . A representation of g on (M,β) is an
even linear map ρ : g→ gl(M) satisfying
ρ([x, y]) ◦ β = ρ(α(x)) ◦ ρ(y)− ε(x, y)ρ(α(y)) ◦ ρ(x). (3.1)
Definition 3.3. A representation ρ of a multiplicative color Hom-Lie algebra (g, α, ε) on a Γ-graded
vector space (M,β) is a representation of color Hom-Lie algebra (i.e. a linear map satisfying (3.1)) such
that the following condition holds:
β
(
ρ(x)(m)
)
= ρ(α(x))(β(m)), ∀ m ∈M and ∀x ∈ g. (3.2)
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Now, let (g, [·, ·], α, ε) be a color Hom-Lie algebra and (M,β) be a pair of a Γ-graded vector space M and
an even homomorphism β. If ρ is a representation of g on (M,β), then we can see easily that M is a
g-module via [x,m] = ρ(x)(m), ∀x ∈ g and ∀m ∈M . Conversely, ifM is a g-Hom-module, then the linear
map ρ : g −→ gl(M) defined by ρ(x)(m) = [x,m], ∀x ∈ g and ∀m ∈M , is a representation of g on (M,β).
Two representations ρ and ρ′ of g on (M,β) and (M ′, β′) respectively are equivalent if there exists an
even isomorphism of vector spaces f :M →M ′ such that f ◦ β = β′ ◦ f and f ◦ ρ(x) = ρ′(x) ◦ f , ∀x ∈ g.
Example 3.4. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra. The even linear map
ad : g −→ gl(g) defined by ad(x)(y) := [x, y] , ∀x, y ∈ g
is a representation of g on (g, α). This representation is called adjoint representation.
Proposition 3.5. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and ρ be a representation of g on (M,β).
Let us consider M∗ the dual space of M and β˜ : M∗ −→M∗ an even homomorphism defined by β˜(f) =
f ◦ β, ∀f ∈ M∗. Then, the even linear map ρ˜ : g → End(M∗) defined by ρ˜ := −tρ, that is ρ˜(x)(f) =
−ε(x, f)f ◦ ρ(x), ∀ f ∈M∗ and ∀x ∈ g, is a representation of g on (M∗, β˜) if and only if
ρ(x) ◦ ρ(α(y)) − ε(x, y)ρ(y) ◦ ρ(α(x)) = β ◦ ρ([x, y]), ∀ x, y ∈ g. (3.3)
Proof. Let f ∈M∗, x, y ∈ g and m ∈M . We compute the right hand side of the identity (3.1), we have(
ρ˜(α(x)) ◦ ρ˜(y)− ε(x, y)ρ˜(α(y)) ◦ ρ˜(x)
)
(f)(m)
= −ε(x, y + f)ρ˜(y)(f) ◦ ρ(α(x))(m) + ε(y, f)ρ˜(x)(f) ◦ ρ(α(y))(m)
= ε(y, f)ε(x, y + f)f(ρ(y) ◦ ρ(α(x))(m)) − ε(x+ y, f)f(ρ(x) ◦ ρ(α(y))(m))
= −ε(x+ y, f)f
(
− ε(x, y)ρ(y) ◦ ρ(α(x))(m) + ρ(x) ◦ ρ(α(y))(m)
)
.
On the other hand, we set that the twisted map β˜ is β˜ =t β, then the left hand side (3.1) writes
ρ˜([x, y]) ◦ β˜(f)(m) = −ε(x+ y, f)β˜(f) ◦ ρ([x, y])(m)
= −ε(x+ y, f)f
(
β ◦ ρ([x, y])
)
(m).
Thus (3.3) is satisfied.
Corollary 3.6. Let ad be the adjoint representation of a color Hom-Lie algebra (g, [·, ·], α, ε) and let us
consider the even linear map pi : g→ End(g∗) defined by , pi(x)(f)(y) = −ε(x, f)(f ◦ad(x))(y), ∀x, y ∈ g.
Then pi is a representation of g on (g∗, α˜) if and only if
ad(x) ◦ ad(α(y))− ε(x, y)ad(y) ◦ ad(α(x)) = α ◦ ad([x, y]), ∀ x, y ∈ g. (3.4)
We call the representation pi the coadjoint representation of g.
Proposition 3.7. Let (M,ρ, γ) be a representation of color Hom-Lie algebra (g, [·, ·]g, α), then the space
g⊕M is a Γ-graded color Hom-Lie algebra where (g⊕M)a = ga⊕Ma, with structure ([·, ·], η) given, for
x, y ∈ g and u, v ∈M by
[x+ u, y + v] = [x, y]g + ρ(x)(v) − ε(x, y)ρ(y)(u), (3.5)
η(x + u) = α(x) + γ(u), (3.6)
we call the direct sum g⊕M semidirect product of g and M . It is denoted by g⋉M .
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Proof. Observe that, for any three homogeneous elements x+ u, y + v and z + w of g⊕M
ε(z, x)[η(x + u), [y + v, z + w]] = ε(z, x)[α(x) + γ(u), [y, z]g + ρ(y)(w) − ε(y, z)ρ(z)(v)]
= ε(z, x)[α(x), [y, z]g]g + ρ(α(x)) ◦ ρ(y)(w)
− ε(z, x)ε(y, z)ρ(α(x)) ◦ ρ(z)(v)− ε(x, y)ρ([y, z]g)(γ(u)).
And similarly
ε(x, y)[η(y + v), [z + w, x + u]] = ε(x, y)[α(y), [z, x]g]g + ρ(α(y)) ◦ ρ(z)(u)
− ε(x, y)ε(z, x)ρ(α(y)) ◦ ρ(x)(w) − ε(y, z)ρ([z, x]g)(γ(v)).
ε(y, z)[η(z + w), [x + u, y + v]] = ε(y, z)[α(z), [x, y]g]g + ρ(α(z)) ◦ ρ(x)(v)
− ε(y, z)ε(x, y)ρ(α(z)) ◦ ρ(y)(u)− ε(z, x)ρ([x, y]g)(γ(w)).
Therefore the identities (1.5), (3.1) induce that (g⊕M, [·, ·], η) is a color Hom-Lie algebra.
4. Extensions
In this section, we generalize to the case of color Hom-Lie algebras the notion of central extension and T ∗-
extension introduced in [33] for color Lie algebras. These two types of extensions require some elements
of cohomology of color Hom-Lie algebras.
4.1. Elements of cohomology
The cohomology of color Lie algebras was introduced in [29]. In the following, we define the first and the
second cohomology groups of color Hom-Lie algebras, with values in a g-Hom-module (M,β).
Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and (M,β) be a Γ-graded g-Hom-module. we set
C
n(g,M) =
{
ϕ : ∧ng −→M, such that ϕ ◦ α⊗n = β ◦ ϕ
}
, for n ≥ 1.
C
n(g,M) = {0} , for n ≤ −1,
C
0(g,M) = M.
A homogeneous element ϕ in C n(g,M) is called an n-cochain. Next, we define the coboundary operators
δn : C n(g,M) −→ C n+1(g,M) for n = 1, 2 by
δ1 : C 1(g,M) −→ C 2(g,M)
ϕ 7−→ δ1(ϕ)
such that, for homogeneous elements x0, x1 ∈ g,
δ1ϕ(x0, x1) = ε(ϕ, x0)ρ(x0)(ϕ(x1)))− ε(ϕ+ x0, x1)ρ(x1)(ϕ(x0)) − ϕ([x0, x1]).
and
δ2 : C 2(g,M) −→ C 3(g,M)
ϕ 7−→ δ2(ϕ)
such that, for homogeneous elements x0, x1, x2 ∈ g,
δ2ϕ(x0, x1, x2) = ε(ϕ, x0)ρ(α(x0))(ϕ(x1, x2)))− ε(ϕ+ x0, x1)ρ(α(x1))(ϕ(x0, x2))
+ ε(ϕ+ x0 + x1, x2)ρ(α(x2))(ϕ(x0, x1))− ϕ([x0, x1], α(x2))
+ ε(x1, x2)ϕ([x0, x2], α(x1)) + ϕ(α(x0), [x1, x2]).
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Proposition 4.1. Let (g, [·, ·], α, ε) be a color Hom-Lie algebra and δn : C n(g,M) −→ C n+1(g,M) be
the coboundary operator defined above. Then, the composite δ2 ◦ δ1 = 0.
Remark 4.2. In order to define a cohomology complex, we may set (δ0m)(x) = m ·x, ∀x ∈ g and ∀m ∈M ,
and δn = 0, ∀n ≥ 3. Deeply constructions will be given in a forthcoming paper.
We denote the kernel of δn by Z n(g,M), whose elements are called n-cocycles, and the image of δn−1 by
Bn(g,M), whose elements are called n-coboundaries. Moreover Z n(g,M) and Bn(g,M) are two graded
submodules of C n(g,M). Following Proposition 4.1 we have
B
n(g,M) ⊂ Z n(g,M).
Consequently, we construct the so-called cohomology groups
H
n(g,M) = Z n(g,M)/Bn(g,M).
Two elements of Z n(g,M) are said to cohomologous if their residue classes modulo Bn(g,M) coincide,
that is if their difference lies in Bn(g,M).
4.2. Central extensions
Let (gi, [·, ·]i, αi, ε), i = 1, 2, be two color Hom-Lie algebras. A color Hom-Lie algebra g is an extension
of g2 by g1 if there exists an exact sequence
0 −→ g1
µ1
−→ g
µ2
−→ g2 −→ 0
such that µ1 and µ2 are two morphisms of color Hom-Lie algebras. The kernel of µ2 is said to be the
kernel of the extension. Two extensions g and g′ of g2 by g1 are said to be equivalent if there exists a
morphism of color Hom-Lie algebras f : g −→ g′ such that the following diagram commutes.
0 −→ g1
µ1
−→ g
µ2
−→ g2 −→ 0
↓ ↓ ↓
0 −→ g1
µ′
1−→ g′
µ′
2−→ g2 −→ 0
Definition 4.3. An extension g of g2 by g1 is said to be central if the kernel of the extension lies in the
center of g.
The following theorem gives a characterization of the bracket of the central extension of a color Hom-Lie
algebra g and Γ-graded vector space M .
Theorem 4.4. Let (g, [·, ·]
g
, αg, ε) be a color Hom-Lie algebra, M be a Γ-graded vector space and Ψ :
g×g −→M be an even bilinear map. Then, the Γ-graded vector space g⊕M , where (g⊕M)γ = gγ⊕Mγ
for γ ∈ Γ, provided with the following bracket and even linear map defined respectively by
[x+m, y + n] = [x, y]
g
+Ψ(x, y), (4.1)
α(x +m) = αg(x) +m, ∀ x, y ∈ g, m, n ∈M, (4.2)
is a color Hom-Lie algebra central extension of g by M if and only if
	x,y,z ε(z, x)Ψ(αg(x), [y, z]g) = 0.
In particular, if g is multiplicative and Ψ satisfies Ψ(α(x), α(y)) = Ψ(x, y), ∀x, y ∈ g, then the color
Hom-Lie algebra g⊕M is also multiplicative.
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Proof. We have for homogeneous elements x, y, z ∈ g and m,n, l ∈M ,
ε(z, x)
[
αg(x) + l, [y +m, z + n]
]
= ε(z, x)
[
αg(x) + l, [y, z]g +Ψ(y, z)
]
= ε(z, x)
[
αg(x), [y, z]g
]
g
+ ε(z, x)Ψ(αg(x), [y, z]g).
Consequently,
	x,y,z ε(z, x)
[
αg(x) + l, [y +m, z + n]
]
= 0
if and only if
	x,y,z ε(z, x)Ψ(αg(x), [y, z]g) = 0.
Corollary 4.5. Let (g, [·, ·]
g
, αg, ε) be a multiplicative color Hom-Lie algebra. Then, the Γ-graded vector
space g⊕ K provided with the product (4.1) and the map (4.2) is a multiplicative color Hom-Lie algebra
if and only if Ψ ∈ Z 2(g,K).
Denote by E(g,K) the set of all equivalent classes of central extensions of a multiplicative color Hom-Lie
algebra g by K.
Corollary 4.6. There exists a one-to-one correspondence between E(g,K) and the color Hom-Lie second
cohomology group H 2(g,K).
Following [32], we define αk-derivations.
Definition 4.7. Let (g, [·, ·], α, ε) be a multiplicative color Hom-Lie algebra. A homogeneous bilinear
map D : g −→ g of degree d is said to be an αk-derivation, where k ∈ N, if it satisfies
D ◦ α = α ◦D,
D[x, y] = [D(x), αk(y)] + ε(d, x)[αk(x), D(y)],
for any homogeneous element x and for any y ∈ g.
The set of all αk-derivations is denoted by Derkα(g). The space Der(g) =
⊕
k≥0Derαk(g) provided with
the color-commutator is a color Lie algebra. The fact that Derαk(g) is Γ-graded implies that Der(g) is
Γ-graded
(Der(g))γ =
⊕
k≥0
(Derαk(g))γ , ∀ γ ∈ Γ.
Moreover, similarly to the non-graded case [32], equipped with the color commutator and the following
even map
α˜ : Der(g) −→ Der(g) ; D 7−→ α˜(D) = D ◦ α,
Der(g) is a color Hom-Lie algebra.
Definition 4.8. Let (g, [·, ·], α, ε, B) be a quadratic color Hom-Lie algebra and D : g −→ g be a homo-
geneous derivation of degree d. The derivation D is said to be ε-skew-symmetric with respect to B (or
B-skew-symmetric) if it satisfies
B(D(x), y) = −ε(d, x)B(x,D(y)), ∀x ∈ gx, ∀y ∈ g.
In the following we characterize scalar cocycles of quadratic multiplicative color Hom-Lie algebras using
ε-skew-symmetric derivations.
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Lemma 4.9. Let (g, [·, ·], α,B, ε) be a quadratic multiplicative color Hom-Lie algebra.
(i) If ω is a homogeneous scalar 2-cocycle, then there exists a homogeneous ε-skew-symmetric α-
derivation D of g such that
ω(x, y) := B(D(x), y), ∀x, y ∈ g (4.3)
(ii) Conversely, if D a homogeneous ε-skew-symmetric α-derivation of g, then ω defined in (4.3) is a
homogeneous scalar 2-cocycle on g that is
	x,y,z ω
(
α(x), [y, z]
)
= 0, ∀x, y, z ∈ g.
Proof. (i) The fact that B is nondegenerate implies φ : g −→ g∗ defined by φ(x) = B(x, .) is an
isomorphism of Γ-graded vector spaces. Let y ∈ g, since ω(y, .) ∈ g∗ then there exists a unique Yy ∈ g
such that φ(Yy) = ω(y, .), namely B(Yy, z) = ω(y, z), ∀z ∈ g. Set D(y) = Yy, the map D is well-defined
by the uniqueness of Yy. By using the fact that B is even and ω is homogeneous, we deduce that D is
homogeneous with the same degree as ω. The B-skew-symmetry of D comes from the ε-symmetry of B
and the ε-skew-symmetry of ω. Finally, for homogeneous elements x, y, z ∈ g, we have
ω(α(x), [y, z]) = ω([x, y], α(z)) + ε(x, y)ω(α(y), [x, z]),
which is equivalent to
B(D(α(x)), [y, z]) = B(D([x, y]), α(z)) + ε(x, y)B(D(α(y)), [x, z]).
Thus
B([D(x), α(y)], α(z)) = B(D([x, y]), α(z)) + ε(x, y)B([D(y), α(x)], α(z)).
Nondegeneracy of B leads to
D([x, y]) = [D(x), α(y)] − ε(x, y)[D(y), α(x)].
(ii) is obtained by straightforward computations.
The following corollary which is an immediately consequence of Theorem 4.6 and Lemma 4.9, defines the
first extension. It is used to define the double extension of quadratic color Hom-Lie algebras.
Corollary 4.10. Let (g, [·, ·]
g
, αg, B) be a quadratic color Hom-Lie algebra and D : g −→ g be an even
skew-symmetric α-derivation, then the Γ-graded vector space g ⊕ K provided with the even linear map
αg ⊕ id and the following product
[x+ λ, y + η] = [x, y]
g
+B(D(x), y)
is a color Hom-Lie algebra.
4.3. T ∗-extensions of color Hom-Lie algebras
We have the following main Theorem.
Theorem 4.11. Let (g, [·, ·]g, α, ε) be a color Hom-Lie algebra and ω : g × g −→ g
∗ be an even bilinear
map. Assume that the coadjoint representation exists. The Γ-graded vector space g⊕g∗, where (g⊕ g∗)γ =
gγ ⊕ g
∗
γ for γ ∈ Γ, provided with the following bracket and linear map defined respectively by
[x+ f, y + g] = [x, y]g + ω(x, y) + pi(x)g − ε(x, y)pi(y)f, (4.4)
Ω(x + f) = α(x) + f ◦ α,
where pi is the coadjoint representation of g, is a color Hom-Lie algebra if and only if w ∈ Z 2(g, g∗). In
this case, we call g⊕ g∗ the T ∗-extension of g by means of ω.
If Bg is an invariant scalar product on g, then
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1. the coadjoint representation exists,
2. the T ∗-extension of g admits also an invariant scalar product B defined by
B : (g⊕ g∗)⊗2 → K (4.5)
(x+ f, y + g) 7→ B(x, y) + f(y) + ε(x, y)g(x).
Proof. For any homogeneous elements (x, f), (y, g), (z, h) in g⊕ g∗ we have
ε(z, x)[Ω(x + f), [y + g, z + h]] = ε(z, x)[α(x) + f ◦ α, [y, z]g + ω(y, z) + pi(y)h− ε(y, z)pi(z)g]
= ε(z, x)[α(x), [y, z]g]g + ε(z, x)ω(α(x), [y, z]g)
+ ε(z, x)pi(α(x))ω(y, z) + ε(z, x)pi(α(x))(pi(y)h)
− ε(z, x)ε(y, z)pi(α(x))(pi(z)g) − ε(x, y)pi([y, z]g)f ◦ α.
Consequently,
	x,y,z ε(z, x)
[
Ω(x+ f), [y + g, z + h]
]
= 0
if and only if
0 = pi(α(x0))
(
ω(x1, x2)
)
− ε(x0, x1)pi(α(x1))
(
ω(x0, x2)
)
+ ε(x0 + x1, x2)pi(α(x2))
(
ω(x0, x1)
)
+ ω(α(x0), [x1, x2]) + ε(x1, x2)ω([x0, x2], α(x1))− ω([x0, x1], α(x2)).
That is ω ∈ Z 2(g, g∗).
The proof for the second point is similar to the proof for non-graded case in [9].
5. Color Hom-Leibniz algebras arising from Faulkner construction
Faulkner construction was introduced in [16]. Recently in [17], it was shown how Faulkner construction
gives rise to a quadratic Leibniz algebras. In the following, we generalize this result to the case of color
Hom-Leibniz algebras. Color Hom-Leibniz algebras are a non ε-skew-symmetric generalization of color
Hom-Lie algebras.
Definition 5.1. A color Hom-Leibniz algebra is a tuple (g, [·, ·], α, ε) consisting of a Γ-graded vector
space g, an even bilinear mapping [·, ·], an even linear map α : g −→ g and a bicharacter ε such that
ε(z, x)
[
α(x), [y, z]
]
+ ε(x, y)
[
α(y), [z, x]
]
+ ε(y, z)
[
α(z), [x, y]
]
= 0, ∀x, y, z ∈ g.
Proposition 5.2. Let (g, [·, ·], α, ε) be a multiplicative color Hom-Lie algebra. If ρ1 and ρ2 are two
representations of g on (M1, β1) and (M2, β2) respectively, then ρ1 ⊗ ρ2 is a representation of g on
(M1 ⊗M2, β1 ⊗ β2) defined for homogeneous elements m1 ⊗m2 by
(ρ1 ⊗ ρ2)(x)(m1 ⊗m2) = ρ1(x)(m1)⊗ β2(m2) + ε(x,m) β1(m1)⊗ ρ2(x)(m2).
Proof. We check for all x, y in g the following two identities:
(
β1 ⊗ β2
)(
(ρ1 ⊗ ρ2)(x)(m1 ⊗m2)
)
=
(
ρ1 ⊗ ρ2
)(
α(x)
)(
(β1 ⊗ β2)(m1 ⊗m2)
)
(
ρ1 ⊗ ρ2
)
(α(x)) ◦
(
ρ1 ⊗ ρ2
)
(y)− ε(x, y)
(
ρ1 ⊗ ρ2
)
(α(y)) ◦
(
ρ1 ⊗ ρ2
)
(x) =
(
ρ1 ⊗ ρ2
)
([x, y]) ◦
(
β1 ⊗ β2
)
.
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Let m1 ∈M1 and m2 ∈M2 be two homogeneous elements.(
β1 ⊗ β2
)(
(ρ1 ⊗ ρ2)(x)(m1 ⊗m2)
)
= (β1 ⊗ β2)
(
ρ1(x)(m1)⊗ β2(m2) + ε(x,m) β1(m1)⊗ ρ2(x)(m2)
)
= ρ1(α(x))(β1(m1))⊗ β2
2(m2) + ε(x,m) β1
2(m1)⊗ ρ2(α(x))(β2(m2))
= (ρ1 ⊗ ρ2)(α(x))((β1 ⊗ β2)(m1 ⊗m2)).
And
[(
ρ1 ⊗ ρ2
)
(α(x)) ◦
(
ρ1 ⊗ ρ2
)
(y) − ε(x, y)
(
ρ1 ⊗ ρ2
)
(α(y)) ◦ (ρ1 ⊗ ρ2
)
(x)
]
(m1 ⊗m2)
= ρ1(α(x))
(
ρ1(y)(m1)
)
⊗ β22(m2) + ε(x, y +m1) β1
(
ρ1(y)(m1)
)
⊗ ρ2(α(x))(β2(m2))
+ ε(y,m1) ρ1(α(x))(β1(m1))⊗ β2(ρ2(y)(m2)) + ε(x+ y,m1) β1
2(m1)⊗ ρ2(α(x))
(
ρ2(y)(m2)
)
− ε(x, y) ρ1(α(y))
(
ρ2(x)(m1)
)
⊗ β2
2(m2) − ε(y,m) β1
(
ρ1(x)(m1)
)
⊗ ρ2(α(y))(β2(m2))
− ε(x, y +m) ρ1(α(y))(β1(m1))⊗ β2
(
ρ2(x)(m2)
)
− ε(x, y +m1)ε(y,m1) β1
2(m)⊗ ρ2(α(y))
(
ρ2(x)(m2)
)
.
By virtue of (3.1) and (3.2), we obtain
[(
ρ1 ⊗ ρ2
)
(α(x)) ◦
(
ρ1 ⊗ ρ2
)
(y) − ε(x, y)
(
ρ1 ⊗ ρ2
)
(α(y)) ◦ (ρ1 ⊗ ρ2
)
(x)
]
(m1 ⊗m2)
= ρ1([x, y])(β1(m1))⊗ β2
2(m2) + ε(x+ y,m1)β1
2(m1)⊗ ρ2([x, y])(β2(m2))
=
[
(ρ1 ⊗ ρ2)([x, y]) ◦ (β1 ⊗ β2)
]
(m1 ⊗m2).
Now, let (g, [·, ·], α, ε, B) be a quadratic multiplicative color Hom-Lie algebra and ρ be a representation of g
on (M,β), such that both α and β are two involutions. Assume that ρ˜ is a representation of g on (M∗, β˜),
whereM∗ is the dual space of M . We denote the dual pairing between M andM∗ by 〈−,−〉. Recall that
ρ˜(x)(f) := −ε(x, f)f ◦ρ(x), ∀x ∈ g, f ∈M∗ and which means that 〈m, ρ˜(x)(f)〉 = −ε(m,x)〈ρ(x)(m), f〉,
∀m ∈M . For all m ∈M and f ∈M∗, we define the even linear map D :M ⊗M∗ −→ g as follows
B(x,D(m ⊗ f)) = 〈ρ(α(x))(m), f〉 = ε(x+m, f) f(ρ(α(x))(m)), for all x ∈ g. (5.1)
Lemma 5.3. The even linear map D : M ⊗M∗ −→ g is a morphism of g-Hom-modules, that is
[x,D(m⊗ f)] = D(ρ(x)(m) ⊗ β˜(f) + ε(x,m) β(m)⊗ ρ˜(x)(f)), ∀x ∈ g, m ∈M, f ∈M∗.
Proof. Letm and f be homogeneous elements in respectivelyM andM∗ and y be a homogeneous element
in g.
B(y,D
(
ρ(x)(m) ⊗ β˜(f) + ε(x,m) β(m)⊗ ρ˜(x)(f)
)
)
= B(y,D
(
ρ(x)(m) ⊗ β˜(f)
)
) + ε(x,m) B(y,D
(
β(m)⊗ ρ˜(x)(f)
)
)
= 〈ρ
(
α(y)
)(
ρ(x)(m)
)
, β˜(f)〉 + ε(x,m) 〈ρ
(
α(y)
)(
β(m)
)
, ρ˜(x)(f)〉
= 〈β
[
ρ
(
α(y)
)(
ρ(x)(m)
)]
, f〉 − ε(x,m)ε(y +m,x) 〈ρ(x)
[
ρ
(
α(y)
)(
β(m)
)]
, f〉
= 〈ρ(y)
(
ρ(α(x))(β(m))
)
− ε(y, x) ρ(x)
(
ρ(α(y))(β(m))
)
, f〉
= 〈
(
ρ(α[y, x]) ◦ β
)
(β(m)), f〉
= B([y, x],D(m⊗ f))
= B(y, [x,D(m⊗ f)]).
Consequently, D is a morphism of g-Hom-modules.
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In [14], it was proved that if (ρ,M) is a faithful representation, then D is surjective. In the sequel, we
assume that ρ on (M,β) is a faithful representation. Since α is invertible, then D is still surjective. Using
this argument, it follows that the fact that D is a morphism of g-Hom-modules is equivalent to
[D(m⊗f),D(m′⊗f ′)] = D(ρ
(
D(m⊗f)
)
(m′)⊗β˜(f ′)) + ε(m+f,m′) D(β(m′)⊗ρ˜
(
D(m⊗f)
)
(f ′)). (5.2)
Proposition 5.4. The Γ-graded vector space M ⊗M∗ provided with the following bracket
[m⊗ f,m′ ⊗ f ′] = ρ
(
D(m⊗ f)
)
(m′)⊗ β˜(f ′) + ε(m+ f,m′) β(m′)⊗ ρ˜
(
D(m⊗ f)
)
(f ′) (5.3)
and the even linear map β ⊗ β˜ is a color Hom-Leibniz algebra.
Proof. For homogeneous elements m⊗ f , m′ ⊗ f ′ and m′′ ⊗ f ′′ in M ⊗M∗, we have:
[
β(m) ⊗ β˜(f), [m′ ⊗ f ′,m′′ ⊗ f ′′]
]
= ρ
(
D(β(m)⊗ β˜(f))
)[
ρ
(
D(m′ ⊗ f ′)
)
(m′′)
]
⊗ β˜2(f ′′)
+ε(m+ f,m′ +m′′ + f ′)β
[
ρ
(
D(m′ ⊗ f ′)
)
(m′′)
]
⊗ ρ˜
(
D(β(m) ⊗ β˜(f))
)
(β˜(f ′′))
+ε(m′ + f ′,m′′) ρ
(
D(β(m) ⊗ β˜(f))
)
(β(m′′))⊗ β˜
[
ρ˜
(
D(m′ ⊗ f ′)
)
(f ′′)
]
+ε(m+ f +m′ + f ′,m′′)β2(m′′)⊗ ρ˜
(
D(β(m)⊗ β˜(f))
)[
ρ˜
(
(D(m′ ⊗ f ′)
)
(f ′)
]
.
[
β(m′)⊗ β˜(f ′), [m⊗ f,m′′ ⊗ f ′′]
]
= −ρ
(
D(β(m′)⊗ β˜(f ′))
)[
ρ
(
D(m⊗ f)
)
(m′′)
]
⊗ β˜2(f ′′)
−ε(m′ + f ′,m+ f +m′′) β
[
ρ
(
D(m⊗ f)
)
(m′′)
]
⊗ ρ˜
(
D(β(m′)⊗ β˜(f ′))
)
(β˜(f ′′))
−ε(m+ f,m′′) ρ
(
D(β(m′)⊗ β˜(f ′))
)
(β(m′′))⊗ β˜
[
ρ˜
(
D(m⊗ f)
)
(f ′′)
]
−ε(m+ f +m′ + f ′,m′′) β2(m′′)⊗ ρ˜
(
D(β(m′)⊗ β˜(f ′))
)[
ρ˜
(
D(m⊗ f)
)
(f ′′)
]
.
[
[m⊗ f,m′ ⊗ f ′], β(m′′)⊗ β˜(f ′′)
]
= ρ
[
D
(
ρ
(
D(m⊗ f)
)
(m′)⊗ β˜(f ′)
)]
(β(m′′))⊗ β˜2(f ′′)
+ε(m+ f +m′ + f ′,m′′)β2(m′′)⊗ ρ˜
[
D
(
ρ
(
D(m⊗ f)
)
(m′)⊗ β˜(f ′))
)]
β˜(f ′′)
+ε(m+ f,m′) ρ
[
D
(
β(m′)⊗ ρ˜
(
D(m⊗ f)
)
(f ′)
)]
β(m′′)⊗ β˜2(f ′′)
+ε(m+ f,m′)ε(m+ f +m′ + f ′,m′′)β2(m′′)⊗ ρ˜
[
D
(
β(m′)⊗ ρ˜
(
D(m⊗ f)
)
(f ′)
)]
β˜(f ′′)
By using condition (5.2), we deduce that
[
β(m)⊗ β˜(f), [m′ ⊗ f ′,m′′ ⊗ f ′′]
]
− ε(m+ f,m′ + f ′)
[
β(m′)⊗ β˜(f ′), [m⊗ f,m′′ ⊗ f ′′]
]
−
[
[m⊗ f,m′ ⊗ f ′], β(m′′)⊗ β˜(f ′′)
]
= 0.
Corollary 5.5. Consider the Hom-Leibniz algebra (M ⊗M∗, [, ], β ⊗ β˜) defined above. If the morphism
of g-Hom-modules D is bijective, then (M ⊗M∗, [, ], β ⊗ β˜) is a quadratic Hom-Leibniz algebra such that
the quadratic structure is given by B :M ⊗M∗ ×M ⊗M∗ −→ K such that
B(m⊗ f,m′ ⊗ f ′) = Bg(D(m⊗ f),D(m
′ ⊗ f ′)).
Proof. By straightforward computations, we prove that B is ε-symmetric, β ⊗ β˜ is B-symmetric and B
is invariant.
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